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, , BLAST-WAVE T_EORy OF CRATER FORMATION " '
c , _# ,

' X " ABSTRACT " _

::• An analytic :formulation Of the problem of crater formatior_ is presented,

• using the methods o_blast-w.ave theory. The approximations on which this,, -

' approach is based _re chiefly concerned witl4the self-similar, or progress{ng-
L

" -w_ve nature of:th'esolution, with the type of state equation used, a_d w{th'the --

i extent to which the Conservation of energy and momentum-can be fulfilled.- :_

_. _' These approxi_nations and the limitations which they impose are reviewed,

particularly as applied to, the problem of shock propagation in solids. Neglect' -_ =

: Of momentum conservation is'shown to be a good approximation, .but use of _he -, - v

, Mte-Grunexsen equatlon of state is:found to be largely inconapatilJlew'ith the '

,, " assmnpt{on of similarity. An approximate nonsim_lar solution for impact-

generated shoc_ propagation is-derived, and displays excellent agreement w_th °

• observed shock:-_vave trajectories, . .. ',

TO derive a phnetration l_w from any solution_ some poin£ in _he trajectory -

must_be chosen as the crkter radius. The strong 'influence of tS[s choice, onthe ,
5

p_gnetration- !:aw is discussed_ andit is argued that the targetos_rength should
v

- - play a ro_e in its determination. '/_ simpl_e choice of the _crater-formatlon '

"J critezion, relateci to the intt_ins_c shear strength of the _arget, _id utilized-in
e

" c0njunction with the nonsimilar solution, to-derive a pemetrat_on law Which ' ,_ .

correlates a large-amount of data. _• _ .
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'",,' - BLAST,oWAVE THEORY OF CRATER FORMATION ._.

;; : 4NTRODUCTION ., -

'_ The,fluidrmechanical approximation pione_ered by Bjo_k I is co.rnmoMv

, ,. accepted as a proper descr{ption of the early phases of target deformation

-i due to hypervelocit3; impact, in such_a mode!i' the motion of any Sm._!t ma_ _

eiement is assumed to be governedby the pressures acting on its faees_

While resistance to shear deformation is neglected.' The diffe_'endal equa'-or_ 'i

that govern suchinviscid motion are the Uslfat Euler equations-expressing the-- :
a

conservation ofmass,_ momentum," and 'energy, together with the equat_on,,of
c

_ state of the compres_sible medium. ')These differential equation-, c6ntain two

. sp_ti_ variables, as well as the time, and ihe _problem of solving lhem _l ex: ,,

"'_ tre-me!y d_qic_'_. To date, the 0n!y solutions that have.be_en -reporte d are the

numerical results of Bjork. !, 2

Tt/e purpose of-tHis paper is to presei_t an approximate an_tyt_ic 501ation

o£the _arae set of equations; The' solution is achieved by adapting the ;ech_

nique_ of blast-wave theory, wb(ch has produced such rich dividends in the ""

: study of various high-energy fluid-.dlow, prQb_ems. _,4, 5 The_ spirit _fvthe <-_"

'- approachis to _simplif7 the analysis wherever possible by making e-i'tain-

_ . _ approximation s to the' true physic£i Situatidn.- We _eek'generality and sire-

-plicity _in -the results.._ Some: exactness in specifying dei'aHs of the prvblem
\

must_ of course,be sacrificed.- : -- .= o"

The hlast-wave theory l_as Been developed; over the years, as a means

"of describing VArious high-energy gas flows, in Order to apply such a theory

• • to the problem of craterigg by high-speed projectiles, _each of i_s appr-oxi.ma-..

, tior/s must be carefully e_xamined in this new context. ,

•,_ _Wh"emost ,i_nportant, approximations can be grouped into three main

D-

L
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BLAST-WAVE THEORY OF CRATER FORMATION

q •

: c:_e_ories; t'irst,those concerned With the assumption of a self_similar

•. f_r -_ Of solution, second, those associated with the equa:.tion of state of the

....... _., and third, those dealing with the ,extent to which gl0bal energy-

a -_" -;:'-- ...... _um-conservation conditions can be.-satisfi_ed. After a brief rc-
o ,: t

J

=-_ _ *.he basic fluid-mechanical equations in Section 1, these three-
,_ , :

'° _:_"_:es are discussed in detail.in Sections Z, 3, and 4. Foll'owing this,

> _:=_ ;._.=n_ 5 andfi present two different approximate solutions, for ,the time-.>

• "___::.r: _f the shock as .it penetrates the targeL Finalty,Section 7 takes,up, _

•'.' :._,e _T4e._tlon of crater-size predicti8_,. " "" .. "_

_- , _ne assumption of similarity discussed in Section 2 supposes that

t_,v f[0_" pattern behind the sh_ck that advances into the target is always

the same., if viewed on a .scale given by the itep_:h to which the shocklhas '_ _a

penetrated at that instant. This approximation has the effect of suppresshng

time as an independent variab!e, and cons;,itutes a key mathematical sire,- "z

plif_cat[on. At the same time, it_imposes certain restrictions, _the most

important of which, Ls that 0niy certain forms of the state equation are per-

mitted, _ Section 3 discusses the extent to which the Mie-Grunei_en equatlbn'

• approximates the pgrmitted f_/'m, It is f'ound that only tl_e extremely high-

o pressUz_e states of a Mie-Gri_neisen material ful?ill the required form, and

-in that range: the true equation of state can be replaced by a perfect gas of

-" constant:specific-heat ratio. In ever}; impact, the shock ultimately d_.__:_,___er_"_-'_"_- _ , •

, • ires to a stress _vave, so that the high pressures required for the pe:rfect- .', .-.

gas approximation are-ohly'achieved during a small' polrtton of the process,

., Thus, a real(_tic description of shock propagation'in solids requires a
. , ' __ _,

solution which accounts for the nonsimilar nature of the.. problem, -"
. , ,J

I
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- BLAST-WAVE THEORY OF CRATER FORMATION

To conserve the total energy a_%dmomentum of the i_mpacting particle, ;:
i
: the solution must allow for spatial variations in two dimensions, and con-

•' sequently a set of partial differential equations must be solved. Section 4

_ deseribe_ approximate solutions of these equations along the axis of sym-

metry, and compares these results with these obtained using only one spatial

!• variable, the distance from the impact point. Solutions with only one spatial,

: coord'mate can conserve only the total energy of the system, and are found to
' 5

bepr4_ctically identical with the more complicated two-dimensional solutions.i
u j

A corollary o_r ,t_,_,,_finding is that the energy of the projectile is the more im-

portant parameter, its momentum playing Only a secondary role. ,In Section 4,

the physical reasons for this behavior are described; and its implication_, on

simu!_tion of hypel_velocity impac_are discussed.

Sections 5 and 6 are devoted to a description of the trajectory traced ' ,_

out-by th .... :_ock as it propagates through the target. :'The classical Taylor _

solution for self-similar motion of a shock t,!_,rough a perfect gas is, reviewed

inSection 5. With this as a background, _ve then presentin Secti0n 6 an o

approximate so'lution which allows for the nonsimi'lar nature of shock propuga-

ti_on in solids. In this solution, the shock speed tends naturally to the stress-

: wave limit at large'time. Cdmpari_ons with experimental observations in

transparent targets, and with Bjork's calculated shock trajectories, reveal

an excell_ent correlation over a wide range of conditions This correlation
J

uses only the energy of the projec_il e, a'nd the density_and stress-wave vel_ocity

of lhe_targeg. The fact that data up to an impact speed of 30 Km/sec are all :.

._ correlated suggests that imPaC't-generated shock propagation follows essentially

the same mechanism over the entire speed range.

1964008575-007



"_ _ -BLAST-WAVE THEORY OF CRATER FORMATION
.,' 3'

' To predict crater size, the solution for Shock position as a function

_ of time is not enough. Sec'tionr'7 points out that an auxiliary criterion is

., needed, to identify the point at which the crater will form. The correlation

._. presented here indicates that the choice of this criterion iS the most import-

ant factor in determining the ultimate penetration la_. In Section 7, the

question of choosing a proper crater-formation criterion i_not- settled, but
/

1,

several choices are discussed. One of these .is shown to.be capable of

• correlating a iargeamount'of data, thro, gh proper selection of a certain ?-:-__:_--.,i)--

• constant.

The net eff.e_ct of these' studies has be.en to reveal the potentialities, and

, _ t_e limitations Of blast wave theory, as applied to crater formation in semi-

, ,, infinite targets. Con,._iderable progress has been made, notably in _establish-

; ,. ing _he relative Unimportance of mo_nentum conservation, and in,identifying

.° the nonsim'[lar nature of the problem, and its connection with the Mie-.
,i

,., Gr_neisen state equation. At_the same time, a great deal of work remains
'_ J

to bedone in certain othe-, areas, especialiy in regard to' the formulation

,. of a-suitable criterion for _crater formation.

i
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BLASTo_AVE THEORY OF CRATER FORMATION:

_ I. BASIC EQUATIONS ,

!' When a particle strikes a target surface at high speed, l&rge amounts
J_

•_'., " of energy and mOmentum are quickly transferred to a very small portion of

the surface. Consequently, a strong shock wave is driven into the target°

generating extremely large pressures, typically mea._ured in megabars.

Because these pressures,are so large ,.nmpared .-"'1- *_-w_,_ m_ material strength _,

one is led to the approximation that the impacted medium behaves like an

' inviscid, compressible fluid. In fac_i the justification for such a,n approxima-

,%ion is not provided by the magnitude of the pressure themselves, but must

come from a consideration of their gradients. Consider a small mass element

'! 1

The net force acting in the x-direction is prouortional to -#_ - " thus

the neglect of resistance to shear deforma.t_:_,r_ requires _ >-_ _ . To
, - _ _,

replace this comparison of gradients by a simple comparison of pressure with

- -- strength, is to assume that rates of change in the two perpendicular directions

are_of the same order, andthat the proper orders of magnitude, to use for

and O" are the impact pressure and material strength at high strain rates.

There appears tobe no reason for doubting either of these assumptions in

the early stages of the impact process. Tht's the problem of determi_iing the

response of the target material becomes essentially that of solving the fluid'

m_:chanical equations {conservation of mass, momentum and energy) together_=
J

: with the equation state of the medium

1964008575-009
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/_: BLAST-WAVE THEORY OF CRATER FORMATION

Mass: / _ 11)

Momem.tum: (z)

: ,En/_rgy: _ (3)

• ,,
Equation of State: ' (4)

e=

Here, p denotes the derlsity, j_ the prest#ure, e Zhe inter'nat energy per

unit mass, ,_- the entropy per unit mass, and 7 the velocity vector. The '

sy,_bol t _,s,the r-onveetive derivative - , :_

• - in which _ is the time and _7 the gradie,at operator. It should be noted.

" that the a,ssumption of an inviscid fluid has been made by settingthe ri_Iht-

hand side of Eq. {Z) equal.to zero. If sheariug forcea were to affect the motion,

they would appear in this equation, Consi;stenv_with this approximation, energy

.. changes arising from viscous dissipation and heat condu_¢tiOn are omitted from

the energy equation. _In addition, energ 7 'ch&nges duc to ra,elatmn and chemical

•, change arc neglected; Th_is the conservation of energy simply states that for

: ," ca:oh element of mass, Changes of internal: ehergy _e. a_,,,_._,balanced:by changes " _,"

in the flow-work term _)6_ . 'Aiternatlvel./, this condition may be expressed • °""

hy stating that the entropy of a giver _na_s element does f_ot Charage _fter it/

has been processed by' th ' shock. , •

1964008575-010
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!,,- _' BLAST-WAVE THEORY OF CRATER FORMATION -"
,fi'"

,, 'i'/ Finally, it should be noted that the use of an equation of state implies

i the' assumption of ,thermodynamic equilibrium i

• It is ass'stood that the, target motion is symmetric about an axis norms1

:" to the original target surface. For such an axtsymmetrtc flow the s.:alar

for__m-_sof the equations of motion in spherical coordinates are

target surface)-

_-__..+_ + /_ • , _z + 2. _.Zc_O =O 16) '"r 20 8r r @0 _" P

, Here b( and txZ denote the velocity components in the F'- and _- directions

respectively. Equations (6) to (10) constitute five relations for thc quantities

,_ , _ ,, /_ , vO" and _ . One can also work with the entropy, rather than the

.. internal enei'gy, in which case the last two equations are replaced by

,?-

i

,.,.,
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BLAST-WAVE THEORY OF CRATER FORMATION

The boundary conditio,_s h.at apply at the shock wave, i,e. at f= _(_:),_

statethat thu.discontinultiesin velocity,pressure, density,'etCoacross the

_, wave are given by the Rank_ne-Hugoniot relations. For a shock advancing

into a medium at rest these axe

__,-_o:/o<<.,.<, (,4,

-7),....___,>=._,,.(-i<>..,.

In the analysis 6f this paper, it is assumed that the shock wave is always
J

_m hemispherical in shape as it advances into the target. This assumption i-s

--m based on observations of shock shape in lucite 6' 7 and in wax 8 o' Under hyper-

velocity impact conditions. Further verLfication comes from the nearly

1964008575-012
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,. " _ BLAST-WAVE THEORY OF CRATER FORMATION ' i',_ _°

:' hemispherical shape of the crate_s form_ed at high impact speed, _

:_ At this point, then, the fluid-mechanicaI'problem posed is the solution.

:: of Eqs, (6) to (i0)_ which describe thern0tion of an _nvis¢id,.:compressible
r

_'_ ' fluid', b&hind a hemisphericgl shcck wave _advancing into a semi-'infinite

-: " 2'

d_

,, The motion must be such-that the boundary con0ition.s (1 3)tO (1 5} are satis- _:./ ( __{

" _:lied;at the shock,-while aiong the sur'face F_(_) (whose -location is unknown) ' ":

the pressure .and m_terial der_sitymust. varnish.

The solution of svch a boundary-value problem i_ an extremely difficult

task. To date only numerical solutions have. been presented. 1 _The Object of ._

the present p&per-is to review the approximations of blast-wave theory and

" then=to apply them in.an effortio derive an analytic solution.

U

t

5 "'

'_,,_ , ,

$

5
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: BLAST'-WAVE THEOR;Y OF CRATER FORMATioN

,-" '- 2. S].M!LARIR_Y ASSUMPTION AND ITS IMPLICATIONS

7', Mathematical_y speaking, the most important approximati0nmade in

'_ the blast-wave theory i.sthe assumption that theflow is self-similar, i.e, ,
G

the distributions of the variOUS physical-quantities (such as pressure, densl,':¢. Ll'

etc.)-at each instant ar.etaken to be the san_tewhen viewed on-a scale:de-./

fined by the shock radius at that instant. Thus each quantity, instead of

depending separately on the-time and on the distance r from the impact

+:,., point,-is assume.d to be a function only of the combina.tion -. , This

' reduction.of the number oI independent variables constit_ttesa significant sirh_

plification in the differential"equations that must b'e solved. The essence of

the similarity assumption iS to suppress time as an independent variable. ]:his

is,d0he by introducing the similarity coordinate

",'' _ - R.,_{-)._ _ : (16)

and by red.efining'the velocity com.ponents,_ pres:sure, density, and )'nternal

energ Z By the dimensionless functions .....

When these relations are substituted into_Eqs, (6) to-(9) and, derivatives with "

respect to F 'and _ are replaced in terms_.of derivatives withorespect to .-. =

,__ "_ , one finds that all explicit,time dependence can be suppressed from the

differenti_l equations if one chooses ,, -- _,

• J, ,t , , "

:
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' _, BLAST-WAVE THEORY OF CRATER FORMATION ""

' i

" 'Thus, o_t of the whoie set of soiutions"of the basic equations, the similarity •

_!. assttmption restricts uS to that subset for which tlie ghock radius is propor-

.[_:_.- tional to 'a po_re.r-of the time. " When this is done the basic equations become _

• m - •

Th 9 parameter #_] .which appears here i_ for the-moment unspecif-ied.

After elimination of t!ime asan explicit variable _n the differential

equations, the next step is to see if theboundary condig{ons are compatible.

with the similarity assumpt}on. _At the shock _ 7[ _ ! _, --_'_ _ 0 _ _ "_'[Z-t

equations (1 3); 'ti4), (15)and (1 0) become -

l
+

* (z41

J
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-: BLAST-WAVE THEOR_ OF CRATER FORMATION .

: The first three-of these are independent of the thee if the initial pressure?

• in the undisturbed n-_edi,_m._) is sm_ll co_npared w_th?4_: , ..wh_ch is o_

"" the orderof'the pressure being generated at the shock. This condition will,

certainly be met whenever the fluid-mechanical model is appropriateo Thus

the question of-whether a similarity solution is compatible with the boundary

•,". conditionsdepends solely on whether the form of the internal energy function

_" is such as to permit the time dependenc e to be .eliminated from Eq, {26},

•.- Sedov 10 has pointed out that this can be done whene'ver"the internat energy..

_s of the form -- '"

where f_) is any functionof the density. For such a case, Eq. (Z6)becomes

and all explicit tirrze dependence is eliminated. Thus a self-similar solution
=

•' '- is possible whenever the medium obeys the equatien of state {27). In this case,

the bound_ .... values at the shockcan be conveniently found by solving Eqs. (23)-

(,',.s__o,,_.¢>,. ¢ , ,<od-_,._ <o,'mso_4'
; / :- (z91

,- ,#(_,_), .,

o

When th,ese relations are substituted in Eq. (38); the result is an expression
o

which can be solved for the density ratio at ttie shock

J

1964008575-016
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BLAST-WAVE THEORY OF CRATL_R FORMATION ,

JJ

The fact that the density ratio is Constant in the fundamental prerequisite for

" similarity. The other quantities at the shock are found from Eqs. (Z9) and (30).

-i From the point of v,iew of application to shock propagation in.s01ids, the :

most important implication of the similarity assumption is its restriction to

"_ " state equations of a special,kind. In the next Section we indicate the extent to

which real materials az'e described by such a special family of state equations.

\

v
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BLAST-WAVE THEORY OF .CRATER _FORMATION - _
7 P

• 3. THE EQUATION OF STATE _ '

_ For most solids the equa{fon of state approriate in the range of pres-

sures generated during ,hyperve!oc[ty impact is the Mie-Gr_neisen relation _1

? - . ,

m,,i, where the sub,_cript _ denotes the cohesivh Contribution and where _" is

• _l . - pthe Grune_sen constant, which depends weakly on , , The cohesive contribu-

.,. tions can be found from measured shock wave data. Along the Hugoniot, Eq.

", (32) takes the form

' ' " ' '';7,. , ¢) ¢>i e. _ e_. = , 133):
| ... ,' ,, • e ),

!, Subtracting this from Eq. (3Z) then gives - ,,
v

,. Ir_)
-Gruneisen equation can be ;rearranged as _ "The M_e '"

', -e.= 7 --
,, 2r_) . ,,..- (35)

e- , whet > :

'J ' t •

_r_) '. _Fp) _ - .,

BY comparison with Eq. (Z7), it car_ be seen that only the leading ter_r of . -%

_q: (35) can be accommodated in a self,similar solution. Such a solution '_"'
?

_iilthore_oreUo_alidonl_w_en'tho_e-_s._oi,s,,m_io_t_hightha(A_)
,+

' ._ t
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: - BLAST-_VAVE THEORY OF CRATER FORMATION

is small in comparison with the leading term. In fact, every impact will span
.' .~

' a time,interval d_aring which 'this approximation £ails. ' Ftirthermore, the

_r.essu_res at_vhich-Ai?) is too large to be negtected-are nevertheless_suffi-

i ciently high that' the compress_ble_fluid approximationis st{il well justified._

"" Thus the.,similar[ty solution can describe only 'file ea_qy phases ofthe fluid-
.,- ..

! dynamic prdcess, A proper description at later t_mes requires a nonsimilar

-,, _ solution which accounts., for'the presence of .the term a(p) ." For the moment

We defer this :somewhat more difficult proble_n, and " " 'examine what can-be done

-- _with _the sitnilarity solution itself, keeping in mind that it will apply, only to..the

earlier :stage_.. ' :"
t

Some of the theoreti_cal analyses :of shock Wa_e&in solid media 12._.. use the

• approximation that the state equation can be" represented by that- of a perfect

gas with-constant specific-heat'ratio _ , namely

,,. ' - .
I

For thiscase, Eq. (31) reveals tha{ the density rati0at the shock has the

constant value"

+,

' The use bi a- perfect gas roay be viewed as an approximation to the leading -

term of the Mie-Gruneisen equati0n, if the Gruneisen factor _ "o ' iS re,*

_, placed hy the constarit value _-t • -This approximation, with ._d.. chosen h_
> -

the range from 2 to 4, amounts to a high-pressure approximation to the Mie-

,"_ Gr_neisen relation, and it makes available all the,results of the extensive

%
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,_ BLAST-WA_E THEORY OF CRA'TE'I_ FORMATION= ' ,,

° , literatare dealing_with blast waves in perfect gases. It should be borne in
Ij T f

" mind, of course, that the similarity solution is not limited to the predictions •

,made with a perfect gas model. The'varia(_ion of r" could be accounted for,

_" but{S neglected as a matter ofconVenience. When-the perfect-gas _pproxi-

.,_ " rnation is. made, the energy equation becom'es -, ' "

" +u. +---_ "
_r r 9e + + g @ _E =0 (3_)

- -J ,,,

.,_. _ In terms of-thesimilar_functions, this is _- ,,

• . I_R _ _ li , "In addition to this identificatlon with the ,,,te-,zrunelsen equation, a

pe,rfectrgas approximation may also be examined by seeing how accurately it _

represents the isentropes of..x given.material. This is done in Reference i3

for ft_e case of i.r0no where it is shown'that the approximation 6_'-a constant /

is ratisfactory for describing the high-pressure states bf iron as long as theu _ . .

• , )

function A(t) ' does not become significant." oJ

section 5 bel0wgives a description of shock propagation due to hyper-

velocity, impact, based on the perfect-gas approxirna_io,.h, throughout. In --

Section 6, we p_'esent a solution wh{ch accounts f6) the influence-of the non-5

(p).... ,,similar term'. _ , in an,approximate Way. In:additionl Section 6 in-

dicates work currently in progre ss, which properly accounts for the .•

nonsimilar effect.
/

o v .,
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,:, BLAST_-,WAVE-THEORY OF CRATER FORMATION

-_ 4. CONSERVATION OF ENERGY AND MOMENTUM - '

- The total energy and momentum of the system must be conserved_ as
¢

m'ay be confirmed by forming the proper volume integral of the vector equa-

" tions of motion, Eqs; {I)to (3): The actual integrals,whose values must-be
?

'. constant, may be ,derived as follows: Consider, as the mass element a ring
'r ' '

of volume _'_r ¢_ . 2_ :51_, The total energy _ and momentum _:) are

s ! >lE = ,c,(e) ,,
: 0 O

x" ),,

140)

. _ .j-t/o) , '
; _. ' O'.- O

a

F ) "P = .[._(e)(u. c.._O -_d- sI_I0 .p. 2_'r _ s_nO dr dO
0 0

,_ (41)

• e; 1 "
.. Here we er,_oui_ter a fundamental difficulty. If we are to have a self-similar

Solution, the differential equations require./_s--N'_". However, a single value

- of A/ will not permit both of the relations above to be independent of time.

Constancy of energy canbe achieved only with /_ = Z/5, while momentum con-

servation _equireS A/ 1/4, and in either case the parameter A is usedto

_'_" °match the quar_g_t_y being conserved Th'as it appears at first glance that a

satisfactory sol_ation cannot be achieved under theassumption of similarity.

Reference 1.3 describes _ne method for overcoming this difficulty. The esselice

- of the idea {s that _/ is, _tetermined By a totally dffferent- considerat!pn _ and

a second free parameter is introduced in such a way that both conservation

conditions may be sati_tt_ied simultaneously. :

/

'1
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It is clear, of course, that any .solutionwhichhope s to satisfy both

conservation conditions simultaneously must make provision for mass ejec-

_-",i tion from the expanding crater. Consequent].y, a solution which supposes

that the flow iS one-half of a spherica.lly symmetric disturbance (ignoring

variations in the 8- direction) cannot satisfy momentum conservation. On

the-other hand, such solutions are considerably simpler than those which per-

mit variations in the @ :direction. in the remainder of this Section, we first

'_ describe the symmetric solution, and then take up the question of approximate

solutions in which provision is made for mass ejection. An important conclu-

sion emerges from the comparison of thesetwo, namely, that the vastl_

simpler spherically-symmetric solution is for pract;ical purposes identical

with the more complicated solution which allows for mass ejection.

When the flew is spherically symmetric, _ and all derivatives with

respect to (9 va',-_LSh, and the similarity equations become ordinary differen-

tial equations. Denoting the ordinary derivative with r_ "_ect fo "W_ by a
-- ,)

prime, these are

• _ (42)

+,k( + 5=o

- ,'---__ . ( <__,_)<_, @T = o,C, i43)

,--M ( ) (44) "-z- h- $ + (¢-_) _'- E _ =o

, The pararnetc.r v' may be thought of as related to the (xrun(_iscn constant,, as

, nientioned earlier, .These equations may be solved explic{tly for th(: deriva-

tives in the form
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¢ ',

= T�Z'"_ _'- ,q . (45)

o

, = , (465

z

'F.rom Eqs.(375, (?_3)-(Z6),the boundary conditions _t the shock can be found

as

" 9(;)--- _/+'I (4854,(,)- 40)= %+, ,
14

Equations (45) to (48) (with /%/ = Z/55 were first presented by O. I. Taylor

who worked out a few numerical and approximate analytical _olutions for ¢

ranging from 1.2 tO 1.67, the range appropriate for gases. Subsequently, an

analytic solution (also with _/ = '2/55 was published independently by J. L.

Taylor 15, Latter 16, and Sakurai 17. Simultaneously with G. I. Taylor's work,

Sedov 10 had also found this analytic solution. _

' The parameter A/ mu_t be specified before solutions of these equations

can be found. It appea_ s that physically acceptable solutions exist only when

1_/ = 2/5, a value which conserves the total energy, as noted abow;. When A/
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.,, is taken to b e different-from 2/5, the Solution exhibits infinite slopgs.,

,. Reference 13 presents results typical of those found in th_range . 25 ',< k/'/_.: . 4

when a solution of this sort is attempted. .This nonexistence of symmetric

-solutions apparently explains the difficulty encountered by Davids et al TMin

., attempting to find a spherically syrnmet.'ic solution for constant momentum.

In what followsl /X/ is chose_ as 2/5, and the terms "honstant_energy"

. ,, and "spherically symi_netric '' are used interchangeebly in ref, rring t_ the

solution.

Solutions of these equations for" _' in the range from 2 to ZO are presented
-\.

in Reference 13. Figures 1 and 2 show typical results .for the casea... _ :2-/3 -
/'2

and _/ = 16, These figures display the. usual feature that tt'_e/_ ,'%.( ._..d_V'"
¢ r

- o off rather sharply behindthe shock, indicating that most of the: ,. __'_z..,

, is concentrated near the shock, For _/_> 7, a Cavity begins to'fo_. ,(. ",

! Sedcvln ', . ." -.: values :_ 7/_ o, , as pointed out by , and .the par*icle veloc_t{e. _ _,k:_4:.ii_._,_.;:.

: marked increase near the edge of the cavil.j. - -

Th,_ problem of obgaining solutions when '; i_ i_,_cluded as, an iudepi_nd_

ent.variable is considerably more difficult. The basic equations arepartial

; differential equations and, as pointed out in Referencn 13, they at:: _fmixed

character, covtaining both elliptic and hyperbolic regions. Further:stupors;

they must meet a zero-pressure boundary condition al0ng a line _.,im,_e loca- .

tion is unknown in advance. To make matters worse; the differential equations

i _ contain a par._rneter _/ whose value is unspecified. No attempt has been

made to solve these equations; instead, partial solutions are sdught by restrict- ,

, ing attention to conditions along the axis of symmc, try, I.u this way we can learn

a great deal about the solution with relatively little effort, Along the axis of

1964008575-024
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sTmmetry - ._

" -0=o, o-<Yt._ _ o=r ,. o._K-4_

_he similarity- equationS' take the form - _ -

'" . ( 4 -_)-h D' ( ' --_-_. 4- _L = '0 (49)

4

I-t4 4c'

• ., -z F + ¢-a _- , =o (Sl_

,- where primes indicate"ordinary derivatives with respec_ to _: , and where the

quan_{ty _t"(Y[_ is given by =....

.. _._.,[)= z_ 5"_ " --,
t c, _

'.i (The _actor _Z origin_ates {tom'-the contribution of the term _) _ 0 . I

Except fez. the presence of _ in Eq.- (49), these are identical w}th the Taylor

" equations for a sphericaliy-symmetric disturbance, discussed above. -The

function t'(V[)- represents the influence Of off-axiscondit'i_ns,a.smust be ,

•= expecL ,_zwhenever a partialdifferentiale:quati_,nis spec_al'.;zedto a ging!e

_' line in the plane of itsindependent _za_iables; The 5ounda_rycond&tions at the

shock- are

•' 4(,) = {(,)= "74," ' ]'('}-",.: "t",,-I _ .
_" Equation's (49) to (51).may 5e solved expl[ctity for the derivatives in

.'_ " ' ' (54)

" u
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.: n n

..4,_ --7 . + Z,,v ? (55t

These obviously have a Singularityat the point v_here the denominator
v

vanishes° •This quantity is the special case, for c_),,= 0_ of the/unction ,'_" "
,J

-discussed in Reference 13, ,whose sign determines whether the part{at differen-

tim equations (19), (Zf), (39), have elliptic or.hyperbolic character..The poin t

on the axis of symme_,ry where the der_omina,tor changes sign corresl_nds to the

' " inter, section- of this line with the axis. In order that the solution may l:O.-:s ' ' ..

stnopthl 7 through this point, the numerators in Eqs. (54) to (56} must _lso

vanishl.there. Reference [3:point_'ou_. that such a c ondi_/ion is achievedif the-

, tune,ton ' ",

z

vanishes at the same point. _

• The function _ _'_)' cannot be chos-en arbitrarily. Thus the only pard .... '

• meter that can be used to guarantee 'a. smooth crossing of the sonic:point is

A/, and this consideration forms the criterion fqr the choice of ¢v_ . FOr

each_ , and aspecif{ca.tion of %'(M. _) , _' iS chosen.so as to provide a , "'

: continuous transition through the singularity. Thus N:wiI1 ingeneral b_ a "" :

f_nction of "6/. . f t 9h0uld be noted in passing that.this proble,n neve/_ comes

up in the spherically- symrnetric ,- constattt-energy case. There the vanishing -'

1964008575-028



• 4

f

BLAST-WAVE THEORY OF. CRATER FORMATION -, -'_

of l;he denominator always coincides with either the origin (for y _ 7),.or
J

' with the edge of the cavity (for _ > 7), al_d the entire flow field is elliptic

: in that solution.

• i! In Order to actually obtain a smooth crossing of the singularity, ]_qs.

(54) to (56) must be solved for various values of A / (and given _( ) until

:_ such a crossing is found. Before such an integration can be done, _'(_)

must be specified. However, no rigorous determination of _" and with

it /_/(_0 , can be m&de without solving the full partial differential equations.

_ Approximations to A/ may be fohnd, by approximat{ng "_" ..and then integrat-

ing Eqs. (541 to (56). instead of approximating "_ itselfj one may" instead '

rel_.te '_ to other physical quantities which may be approximated more easily.

In particular, by differentiating Eq, (Zl) w_th respect _o _ , and then specializ-

ing for the axis of symmetry, one finds

: _a ,-__"r *' (*-,Or' ,Iz. ,,, _" +-"-- +"_-_-K_+ ----- - /_ o _=o 159)-4_ 2_ _ ae_-" _'

from which it is seen t,hat approximations to the pressure distribution can be
,j

used to generate corresponding approximations to "_". This process can be

continued, Of course, by taking higher-order derivatives, With respe_et to _ ,

of z:ny of the .equations of motion. Each- of tl'ie resulting expressions will con-

tain at least one unknown funetion, so tl_e utility of the procedure is dictated

" by one's ability to approximate the unknown function. For this. purpose, Eq.

" (57) is especially useful, At the shodk, the pressure is uniform, while behind

.. the shock itbegins to decrease.' The rate of decrease is faster near O--_-_ ,

as the influence of th.e vacuum _outside the developing _rater makes itselffelt,

Qualitatively, the pressur'e distribution would be expected to have the appearance
t

q 'U • ,
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o

at 0 = O, will%e zero.at the shock and will beoo me negative with increasing
>

magnitude.as _ fails below one. Such considerations suggest the approxima-

tion -- .

,, 9e_ O

where IK and 6L are constants. Crudely, one may think of this.approxima-

tior_ as fitting a cosine variation to the curves above, with a multiplicative

function of _ introduced in such a way as to guarantee zero curvature at the -;

shock, <'

The constants (2. and _/ must be chosen so as to yield values of _"

which are at most of the same order as that of .

Figure 3 sho_s results which have been found for the case _ = I, aud

]_ = I0. For a given value of _ , and selected values of /_ , the equations ';
,j

are integrated by a Runge-Kutta procedure,, starting from the shock values

given in Eq. {53). 'A smooth crossing of the singularity is adhievedwith the ,"

value b/'= .375, and the distributions of density, particle Velocity, pres_sure
J

and the func.t_on _ are shown in th6 figure. The results given here ar 9 typical ..

of those which occur for other values of _ . In addition, some calculations

: have been made with K = 1, and the results are not far different from those '
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_L
_hown here.

_- II_.geamral, it is foundthat val'aesof A/ corresponCA.ng toa _rno_,th cross_

ing of the singularity are quite close to the, value 2/__ilat applies for the s}._at_"
.: q

rnetlqc, constant-energy eo-tution_ Furthermore "tile quantity 7__ does not.

attain an, appreciable value until some distance away from -/_ = l, wt_er-_; the

density has fallen to ._ low value. Thus we might expect that, near the shuck at

lea_t, these solutiens will not differ gr'eatty from the con:_tan_-energg _olutio_.),
-- t/

This i.s indeed the case..Figure 4r'cotlxpares the two types of solution for _ = 3 ,

"" and show_ that, a_ong the centerline at least, the motion of most of the ma._s in-
_'IR.

volved is well app_'oximated by the solutio_ for t,/= 2:]5. One may expect this

trend to persist even fo'r _ > 0, suggesting that the Taylor solution wii1 in gen-

eralbe an excelIent a'pproximation-to the con'stderably_more-comphcated-

asvmmetr';.c solutidn. The_comparison shown in this figure is typical of {:he re-

-' suits found at other valuesof b/

So far as hlast-wave theory is concerned, then, the energy of the projectile

piays the dominant role, its momentum being of only secondary importance, In

assessing the significance of this finding, it is well to bear in mind three d_ferent

flow models that might be considered. " In addition to the 'two described above, it

/, is also possible, in principle," tO find a "solution in which provision is m_de-for ,,

-; mass _ject'iori, but which has .zero net' momentum:

.L
- _,. symmetric

P _\ mode.,1

Our 'conclusion about the- relative unimportance of momentum conservation

requires only that the first two of these models-give nearlyoid_ntieal predic-

tions_ The fact is that we find close similarity to the correct flow pattern - , :'

: a
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even for the Taylol. solution,-ih V-hich the momentum varies as a function
, %

0f t{me. '......

One plausible physical _expiapat_on is based on the experimental obser-

v_.tiDnlg-tbo.ttargets struck by hypervelocity Droje_-tilesOften acquire n'lomenta

many .times that of the projectile, implying that the rnate'rial-ejected from thez

target must also carry several times the projectile momentum. Tl_us it

.- appears th&t _he momentum 0_ the projectile itselfmakes only a minor contri-

•, butiofi to the over-all conservation process.

--';;:" A'.corrolary of thiscOnclusi6n is that .the conditions of"hypervelocity ira-
. <,

pact can be s_mulated byany .exPeriment which duplicates the energy of th'e

incident_particle, {rrespective of whether its momentum is correctly matched.

-In-particular,,any intens6 source of_short-pulse elec_r0magnetic radiation,
,j

• sitch as the ou}put of some currently available lasers, should be.,Capable Of pro-

viding such a simulatio.u_ Such an experimental technique appears to hold _'

• promise, and the basis for it is discussed in some detail.in the Appendix.

"Itis important tokeep in mind that the predominant _mportance of energy, ""

as revealed by these,solution.s, does-not necessarily imply that crater volume

-will be _caled by the projectile energy. -Actually, energy scaling is a feature.

. which applies onlyto the rate of propagation of the'shock wave itself. A

" description of the variati0n-of crater size_with var_ous parameters of the im-

: pact process,requires that the golu.tionfor;:sh0ck radius be converted into a

prediction o_fcrater size, Whether the final result of Such a process (whidh "

presumably will call material strength _nto play ) will still be scaled 57 the ,,- " _.

energy of the process, iS a question that is unresolved at tiais point, " '

A_ a final word of caution_ it must be emphasized that our presen t data

y

i
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• _, !

: concerning the u_imp_rtance of mementum conservation are restricted to

the s_rr_larity; _ s_ren_-_huck limit, it remains to be determined whether

the s._m_ resalt_: _a2:,ii be foun_[ at lower pressures, where the nonsimilar

p_,.___e_,_must be considered.

in fht:next tw::N_ctions, we restrict our attention to solutic-ns {_nwhich

-_nb.-_theenergy is co_._erve._o "rhu3: the solutions 'are spherically symmetric.

,.-. These- __lutions are ,.__edto develop an expression for the rate of shock prop- :

agatior_' as a function of the kinetic ene)gy of the impacting-l_rticle,

J
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<

, 5. TAYLOR SOLUTION FOR SttOCK PRQPAGATION

This Section reviews the well-known solutior_ for a spherical blas_
j -,

wave in a perfect gas, in order to provide a background for the quasi-

,, steady solution preseni_ed in the next section. By u_ing _he co n_taz_t_energy

distributions of pressure, density, and particle velocity described in the
- .

Section abave, Pn explicit description .of the shock propagation can now be

given if the total energy _ of the system is specified. The sum ef the

it_ternal and kinetic energy of the fluid set into motion is gi_-en b,, the intergral

over a hemisphere

S" S(--:'' ',. o o l¢'-I p +_ x)

(59)

2'

where

o

This integral has been evaluated for-the values of _( mentioned above, by

'- substituting in Eq. (60) the analyt£cal solution. The results are shown in

Figure 5.

If the total energy E is now specified, a simple differential equation ,'

for _c_(_<) i_esults

., E = z_A _3 _ z, (,,",) 1_>_)

The term Zr_, _: is three times the target mass processed up to the

time _ . Thus, 3 I_(_') may be thought of as a dimens;mnle_s coefficient

giving the ratio of the mass-averaged value of e+.kt_ _ to the quantity _: ,
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i.e. j_

3;r, (¢) = = _. t_,_i. 16z)

Since /_ is proportional to the energy at the shock

we obtain

L_ '

Because most of the mass is Concentrated near the shock, the mas_-avei_aged

value of any quantityis very nearly itsvalue at the shock. Thus the factor

4/B(y ¤a, good approximation to _"l ' as shown Ll_Figure 5. This

--, factor originates from Eq, (63). which states that, the larger the value of

_( , the larger must be the shock spce.difa given energy per unitmass is

' m(4to be achieved behind the shock, We may attach the same sLgntficancet:_ :

_ if a given energy is to be distributed in two materials for which ti_e _ differ,

the shock speed will have to be greater in the material having the larger _/ ,

The solution of Eq. (61) is the Classical Taylor solutioa for a stroug -

blast wave

8";7, -y"
Here the influence of _/ i:_ shown niore clearly. For a given E alid ?0 '

the shock radius will grow r_ore r,:_idly _or large values of Z •
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_ To _.pply Eq. (65)to a given case, _ total energy -_. and the value

_ of the parameter _' must be specified, mall the applications made be.low,

this energy is taken to be the kinetic energy of the impacting particle. The

00 o

value of _z is associated with the magnitude of the Grune_sen fa,:tor, /- ,
[

and hence it would be expected to lie in the range from, say, 2 to 3. Values

even larger than this might be considered, especially in the range where

the function _ is too large to be neglected. Reference 13 makes
/-

application to problems in which _/ is chosen to be as large as Z0, in an

effort to match the full Mxe-Grune_sen equation.
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BLAST-WAVE THEORY OF CRATER FORMATION

6, QUASI-STEADY SOLUTION FOR SHOCK PROPAGATION

The similarity solution described above will be valid only in the limit

Of extremely high pressure, where the density ratio across the shock is

constant. In an actual impact, however, such-a condition is not met, espe-

cially during the later stages of the cratering process, when the shock

strength begins to decay toward that of a stress wave.

Thus a proper description of shock propagation in real materials caIls

for an analysis in which the uonsimilar features of the problem are correctly

': accounted for. Analyses of this sort have been done for gases, _'ith varying

degrees of approximation. Notable among these is the perturbation method_

explored by Sakurai z0, among others. Applied to the present problem, the

perturbation analysis would seek the first-order departure from similarity,

for the case where _(/_) is small, but no% negligible, compared with _'/p_
o

A more powerful approach, valid over a wider range of pressure, has been

developed by Oshima 21, who calls it the i'Quasi-Similarity" solution. The

essence of his method is to solve the problem for a range of values of the

( shock l_=,ch number _ d_fined as _/¢ where t denotes the target

• sound speed. ]For each value o_ /_ , the correct boundary values are used

at the shock, and certain terms are included in the differential equations to

approximate the nons[milar effect. The analysis leads to a solution for the

shock Mach number as a function of time, starting from the blast-wa_e limit

( tw]_= ¢O ) and tending toward the acoustic limit ( _7 :: 1) at large time. At
"4

each instant, the distributions of pressure, density, etc., are glw:n, once

the shock Mach number is known. For air, Oshima's solution agrees well with

experimental observation and with machine solutions, both in regard to the

1964008575-040
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" shock pr_opagation, and to the distributions behind the shock. . , _ ,

Oshima's method _s being applied _o the propagation of Shock _vaves

":) in sel_d media, but the results are incomplete. As an interim solution, we

{ have worked Out an analogous, but_mo_re approximate description 6f the

/_ shock prqpagation, which we shall identify by the term "Quasi-Steady. " We

_ssunae that the distributions of pressure, density,; etc_, at an3[ shock speed

are the same as 'the self-similar,: perfect-gas distributions which would have ,

-, the sarne values at the shock. Thus, at the .instant when the shock speed is

• _ such as to create a density ratio at the shock of 1 ,5, the solution 'is assumed- " ":

to be t.he self-similar solution for _ _ ?_o ",. : , . =):___! =5" ; wtien = 1'. 4, the solution

is assumedto be that for _ = 6, _ etc. Thus the right values a.t the shock are

'_. = always used (as is the case.in Oshima_s work), but the distributions behind

', ' ,, . . ,,"

the shock=are not. correct. _ However, the quasi-similar distributions for air 22

at moderate shock Mach _ _umber_ ,show a qualitatiye resemblance to the present _
• ,/

" results 13 for _ in the range from 2_tO 20. Thus, because most of the mas_
• .. • .

is concentrated near'the Shock, we may expect the -quasi- stea.dy s.olutlon.to ,

be a useful approximatiorL ,.,

The starting point for _he analysis ,is the .energy-balance integral

,- " ziT- _po f_? e$ .-_-., ('_) (66-)

.In a similarity solutiOn, " _/ i_.taken t0 be a constanti 'related_o the Gr{ineisen

, fa_t0r. We now propose to allow _ .to vary_ so as to match conditions at the

shock at each instani:, This IS very simple got ,a large numl_er of materials,

whose ._ugoniots are Well apprdximated over a wide range_ 11 by

. _ _ , (67)
i, 12_ =' c + 5_-_ ,_ _, ,, '"

%

o

I
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-i;., For _such;a material, _- is related to the _hock speed by ",
4

_-5-1 -6-+!
= - 1681

, /'/to-I ea
2 . ¢"

Use of this-lnEq. (66)leads to a-slmple.relation be_veen shock speed-and

• shock radius...Defin}ng _ length;scale _ by :'

" . ; = ,., 169)
<. .j

: equation.(66) can be rewritten in the dimensionless form .. ,.
. _ll_ , - c "-

• . #_

• " : _ = 4 "0

"' ,' .e_ i, - 4

!. Figure 6'.shows this relation_for ,_ ='.I,Z, 1_5, and 2.0. It.is important to'.

note that the ehock speed approaches" IC when'"_s .becomes large, b-eca%se -
o

as _s _-r_(; - , _'-_', and _l-_O • Thus the quasi-steady solution.tends

, :" toward the aeoust_, o_, stress-wave lim_¢, at large t_me. Figure7 shows a _,

_. ,: compa_rison of Eq_ (70) with the experiments of Fraiser and arp . The

exact v_ilue of S _ for the target is probably somewhere in the range £ron% . .

1. Z tO 2, and theoretic_! predictions for both values,,are shown. The dat_ _'

wh{ch lie quite close, t_ the str'es.s-wave x_elocity, are. well Predicted:by'the
5q .' - "

quasi _s-teady! theory '

Byusing Eq, "(70) to give R_' as a functi;n of _s_:. _. a simple ,ol%.tion - .:

"" for the shock trajecti)ry can be found f.ro_n the identity _ ./ - " "

u I, _ : , t, b i
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r

_ . ,, Figure 8 shows this relation for the three values of _ mentionedbefore,

' - Larger values of ,_ are assdciated with faster shock propagation, a mani.:

_, " festation of the same phenomenon as that due tO -_ in the perfect-gas

approximation. Also shown on this figure are the experimental data of
p

"_ .Eichetberger and Gehring 6 and of Halperson and Hall 7 for a Lucite target,

" " as well as-the shock histories calculated by Bjork for i_on striking TuffZ;

....- and fo_ iron striking ironl. ,_ The agreement found here, _over Such a wide

': range of impact conditions, indicates that the quasi-steady theory is a

useful apporximation, espec{a!1y at times greater than _/_ -Of course,

i,n the early stages of the impact proeess before the projectile has been

destroyed, the shock propaga[es at a constant speed. It is only after this

early phase that our approximation of an instantaneous.,point-release of

ener_r 7 becomes valid. We ma.y in generaI expect the measured trajectorie s

t" " )_to begin with a cons.ant-spee_ phase (R_c., _ followed by a transition to a

power-iaw behavioI. (_ _,4) , with r4. between .40 and, 1.0, depending

on the duration of the impact phase. This exponent increases toward 1.0 ,

again 'at;large time_ as the (constant) stress-wav,_ speed is approached.

For c_:/_ greater than about 1. (}]"the correlation:of Fig. 8 is quite g,ood,0

. . although some scatteris still present. _'-__.re is not enough d&ta, .at present,

to de;termine whether this remaining scatter 'rep_'esents an additional irapaet-

. " speed dependence, or whether it i_ simply an effect ot _; not properl 7

-' accounted for b.y the quasi-steady theory, -The application _f. O shima's"

rrie_hod, currently in i_rogress, will shed considerable light on this question

:' by_properlyaccount_ng for the influence of the state equation, but there is

; obviously a great need for"further measurements of shock-wave trajectories ,'

y,

' J

.... L
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_i- e:special.ly m metals.

"' It has heen observed 6 thai'the-characterigtic time for _hock propaga-

" tion in Lucite is considerably sho_'t.er 'than the time during which material

i is ejected from an aluminum or lead target, under identical impact conditions,

) and the difference is sometimes attributed to th'e dynamic strength ofthe

:" plastic at high Strain rate. In this regard, it is interest{ng tO note in Fig, 8 -

'- the close correlation between B._0rk's calculations ir£_ron ( 5 _ 1,6) and

the experimenl:al ob_ervations in'Lucite (, 5 _.._. 1.5), allat approximately

.- 5 l_/sec. This correlation indicates that in both _ubstances the characteristic

' time for shock propagation is- /_/_ ,, vchich i,s actua.lly smaller for metals

than for Lucite, due totheir larger values of /_a z'., . Assuming that impact-

generated shock waves propagate in essentially the same manner in all metals,,"

this correlation would suggest tb,at-the duration of material ejection may be

considerably longer than, say, the time required for "the shock to degenerates
a

downto some-preassigned fraction of its initial strength. Again, measure-

ments of shock propagation within the target are needed to resolve the question.
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' ._ ., 7. METHODS OF CRATER-SIZE PREDICTION ....

The sficcess of the above analysis in predicting shock propagation is .:.

tj quite encouraging. However, from the viewpoin t of-spacecraft design, it

does not solve the problem at_h_.nd', name!y, to predict crater _size. To

accomplish such _ task, additional,analysis is needed. It is importantt0

:_ understand that every theory of crater formation contains two ingredients:

i, ; first, a theory for predicting the shock-wave time history, and the flow of

- material behind it, and second, a criterion for choosing some point in the

trajectory as the crater radius. Bjork 1, for example, choo_ses, the instant

when a stationary region of zero pressure can be found, and identifies this

' region by _he appearance oi a distx_ibution Of srna, ll velocities, which are ran-o

):_ , ,

domly oriented. _ Other authors, for example Davids and Huang!2, have "
c

used different Criteria, and ',a,e shali present below some considerations of

still another. , -

Beforedoing so, however, we must emphasize the central irnportdnce

of the crater-formation criterion. The correlation shown in Figure 8,may

be taken as evidence that, so faras shock-w&ve propagation is concerned,

no essentially new phenomena occur over the impaet-,speed range up to

30 km'/sec. Thus, any change in the peneS.ration law, compared to its low-

speed behavior, mustbe accounted for Ig_rgely by the criterion used in "

" _Such a criterion cannot be applied in conjunction with the pr.esent solution,
which never predicts a stationary region. Indeed, there is no mcchanism, " ,.
except for the influence of ex_ternal forces, or for very special shock_wave
interacti:_n pa,tterns, by which an invi_cid fluid aar_ be permanently brought

•-to rest. Any analytic solut, ior_ would Rredict that the pressure and particle
velocity tend asymptotically toward zero at large_time, of course, but their"
distributions are always nonzero, continuous, and never display a random
orientat-i_n.

,]
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defining the crater radius,,"i

"_ This paper makes no effort to settle the question o_ how the crater-
%

formation criterion should be chosen. We wish only to draw attention to¢

the fact that its choice is a crucial element in determining thc penetration

law, , '

'" On the other hand, we do share with some other authors the impres-

, sion that the material strength must play a role in the crater-formation

criterion. The establi, shment of a crater of fixed size implies that material

has been brought to rest, and as noted above.;there is no mechanism for

accomplishing this feat within the framework of aia inviscid theory. Thus

it appears that at large time, a transition must be made to a theory which

accounts for the strength of the target, Indeed, the entire hydrodynamic

analysis begins with the approximation that the motion of any mass element

is controlled by the pressures on its surfaces, wb.ile its resistance to shear

deformation can be neglected. Whenever the invisc{d theory itself predicts

pressures comparable to or less than _he shear strength of the target, the

fundamental approximations arc clearly in error. Thus we ought to assign,

as a boundary for application of the hydrodynamic theory, some level of

pressure comparable with the target strength.

Reference 1 5 not only adopt_ such a boundary for,the fluid-dynamic
b

theory, but actually employs it as a crater-forraation criterion. In that

work, the crater radius is assumed to be equal to the shock radius at the

instant when the pressure beldnd the shock h_ls decayed to the intrinsic

"_ strength (_/z,_- , _ heing the dynamic shear moduh_s. 'fhis criterion was

" u,_ed in conjunction with the siniitarity sohltion, to deduce a penctrationlaw
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, which display,ed re-_onab!e agreement with experiment,

Nov] that a m__e realistic description of the shock propagation is

available {from the qu&si-ste_tdy theory outlined above), it is of interest to

m investigate the ....._-_--_-_*i_",_---,, 1_0.,..... A=,,-;.,._......._.._ from the same criterion. If w_._ -'_-_

quire that the pressure generated at the shock be equal to a str,ength level

" . designated for the moment as _'_ , we find from Eqs; (14) and (67)that

•_ the corresponding shock speed, is given by

@

/_s / 4- (7Z)

c. 2. -,

Figure 9 gives the corresponding value of the shock radius, which, by this

criterion, would be taken as the radius of the crater that will ultimately'

develop. Thus, the crater radius also scales with /_o :

_¢-= /_/'_o= /_ _ -.r-,..,_----A:r p-c'_- J (73)
o

/

where b/ .is the impact speed and _ is shown in Figure 9. It is obvious

_hat a large amount of experimental data could be correlated by this formula,

by an empirical choice of the strength level _) . In fact, by choosing

/12w"O*qt _¢1"_'* , (where/Ooc _" is in cgs units, and the Brinell hardness

is measured in the customary units of kilograms force per square millimeter),

the penetration law recommended by _ichelberger and Gehring 6 is recovered.

Figure 10 shows a typical correlation, for aluminum projectiles striking copper .-

targets. The parameter _ has been chosen by matching the data

at 3.97 kxnlsec.

It is interesting to note that _ = 4.85, which, accordi'ng to Figure 6 (with

2_ _*.1.54) means that the shock was traveling ,at approximately 1.3 times

i
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.7

t,he stress-wave speed when it passed the po,.Ation corresponding to _6'c. .

'/

__ While these results are encouraging_ they nevertheless contain an

empirical factor whose significance is not clearly defined at present, Thus,

; extrapolations to higiv_r i_npact speed cannot be made with confidence. Our
-¢

conclusion is that there is a need for an analytical crater-formation criterion

whose accuracy is comparable with that of the present quasi-steady (and of

the forthcon_ing quasi-similar) solution. We feel that the target strength will

play a role in this criterion, but that considerable work remains to be done.

/

•t '

1

L
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\

CONCi.UDiNG REMAI_KS

J

Our goal in this research has bc-n an analytic descriptlon of hyper-

_rh)cit;" imp_:._:to To this end, th. ;tpprcxhnations of b!aat-wavc theory have

_,een _'_- v.'u£t(_r_._-t_,rruinchow ,.yelld_cy apply to the problem of shock-

;v£tv,.'pr:'_}_._/_.tg::_in _._olidtarg,cts. Most of tileliterature of blast-wave theory

-: :i_.ais_,_'.7:,- _,._.F_n:._etri_:probhnn of a point release of energ_I in a gas, To.w

; a,hipt;!].;.-; _.r.,d'.ticalmetho,.!s to the present problem, then, modifications

_r__rcH-_rt,. :* t_:,:oareas: first, two spatial coordinates,nust be considered,

an¢l ,,: ond[_', the equation of state appropriate to a solid must be used.

.Sohlt!on._which allo_.'for spatial variations in two directions have been

found to :,every close._o the corresponding one-dimensional solutions in all

important respects. Thu.,, the energy transferred by the impacting projectile

is the dominant pa_-allleter,its momentum playing a minor role. Predictions

uf shock-waw_ trajectories based on this concept display excellent agreement

with experi,nent.

The second area in which modifications of the classical blast -wave

theory arc needed is more sipnificant. The nature of the state equation of

solidm;_terials, together with the fact that relatiw;ly weaker stages of shock

propagation are of interest in this problent, make th,:assumption of shnilarity

: a weak one. Thus, shock propagation in solids is characteristically non-

similar, in contrast to the situation normally encountered in gases. To
, .°

-ccount for this feature properly, analytical methods for treatim,,nonsimilar

problems must be used. Fortunately, the required nlethods are available,

i

_ and :'.e at present being adapted to this p.coblem, As an interim solution, a

crude approximation can be constructcd from the simi!.trity solut-ions

them selves.
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• _' " - _hows re~This solution, .refer_ed to here by the term - Quast-Steady, ': i
A

.._ markable agreement with the Iimited shock-wave ._rajectory data available

'}_ at presentl Data of this sort are the oniy kind that can serve as an un- :

.i equivocal check on a hydrodynamical theory, comparisons with final crater -'

_: dimensions involve other aspects of the _theory, especially the criterion

used to define crater size, and.are consequently not'suitabie as a check on -

: the shock-propagation the.ory_ ,,

UltimatelY, .the practical goal' of all research-in this area is to establish

the penetration law, e s_ecialIy in the high-speed regime which-is experiment-
f .

' - atl-y inaccessible at the present time. From:this 'point of view, the most im-

portant aspect of, these studies has been to reveal _:he pivotal imDortance of
5

the crater-formation criterion_n thepenetrati_n law. The currently available

ev{dence suggests that impact-generated shock pfopagatio_i.s essentia'lty ttie

same o_er the Speed range from 4.6 to 30 km/sec. Thus, any difference in

penetration law is felt to originate from the ecater-foi_matior_ criterion.. The
-•

present Wqrk makes no effort .to establish what this _criterion should be, -though
z ;

it is felt that it 'should be related to the strength ;of the target. As an example _

of such a criterio?% a si,rnple choice related to the pressure being generated. _

at the shock is shown to prov:tde a basi, s for correlating a large amount of -

• data. These results are encouraging, but still c6ntain an element of arbirari-

ness,, and their extension tO the higher" impact- speed rangerequires the

'" development of a more _satisfactory cri'ter! _'n,
J

"a
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:• APPENDIX ' :
•] " _ - _ q

i SIMULATION OF METEOROID IMPACT BY ENERGY RELEASE*

4' .

,J

_' : A major conclusion reached above i_ that crater forhaation is controll,ed

ehief!y by the, e _erg}_ of the _rnpat*ting pattie}i-; it__ _nmantum p};_y_.n,.g o_n:!y a

secondary role. Thus we _uay e_ect t__.simui_e hyperyelo/ity itnpact by any

experiment ii_-which a str_v_ _, ::) _ a-.-_ :s _ _._. _.. into _ target by the deposition

of energy in arty._-*_

It is e'....._ra_ _m_._.oa .__' :-.7" -_. :e._ _nv _iznulation of th_:s.type,

., to be certain tb.a_the :_:-:-:eu; =vet,...:.=.:-,U:,'-._nz-3e5 in f_actdrlve a s_trong

shock -,-aveint_ tie _&raet. _2;,5sh:_C_iw'L 7-..:-::.t_,:,_.-'Junctionbelow, but for

the _'..3ment_-e assu,_ne t::_tt_:_ ,_-....::.z_:::"-:_-,.}:a_Leer: achieved, aridpresent'the

:esults that folio"; as a _e,....... -_ :-_:

The severi W of a high-eueed uarti_;le_mpaht may be judged iy the _

strength of the shoe.k.',_ave driven intu the target. Knowing the HugOniot data

, fer/thetarset and projectile, it is possible to solve for the shock strength as

a function of the in:tpactspeedt For the case of energy deposition by some

other :neans, we must now identify the paratneters wbidH detexrrine the initial

shock strength. The quantity that does this is the power being absorbed by'the

_rget, per unit-area in the plane of-the shock, To see why this is so, cQnsider.

a plane shock wave of unit area advanc.ing a%ospeed _ls h_to a medium of

" undisturbed density ?o :

d :.

.4 The fact that such a s%mulation is possible was first poiated out' to tt_e authors
• by Dr, Pranklin K, M0oa'e, -

t,

. _-
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• ._, L

"" U,= 0 -
::z_D "-

A?r

......_,-_---*._au amount of mass given by Fo(Z_ , per

uniZ area, and z_i_,_s i;. _: :)x* energy (per un{_ mass)

.,":" Thus the rate of energy acquisilion b,%_the material behina theshock,- per unit

tinae and area, is > _ -.

)-
.+

" The strength-of any shock wave may therefo:re be characterized by the:amount
j

. of power_ per unit area which it delivers to the'medium thr0ugh which it
.j. I

•, travels. The Hugoniot curve for iron is interpreted in this light in '.FigureII,

: wJaere it.is,seen that weak shock waves ( /_Oo __."1.3 ) irnpart about I0 I0

watts/cmzWhiteextremelystrongshook 31 tra   er-to the-mod um
some 1013 watts/cmZ; These e'rders of magni.tude are typical of metals. It

•, is int_restiffgto note that the expel"iments reported by A:ltshuler el_ al z3 - " __ ;

: achieved shock waves of strength equivalent to 4 x 1011 watts,/cm . -.

:, _For a given projectile-target combination, there is a one-to-one corre=

! spondence between impac_ "speed and the power density at the impact point. "

Theirr.elation is shown in Figure 12 for iron-on-iron. :'['he point to be noted
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• , r
2

Figure 12 POWER-DENSITYRATIHGOFSHOCKWAVESDRIVEl
INTOIRONTAfIGETSitY IROHPROJECTILES

,,
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"' is t_a_ any e:-;perimental technique capable of driving :shriek waves c_f stre'ngtt-,

:o greater than 10 t lwatt's[cm2 can simulate impact conditions which are at

present beyond the capability of Convet,tional projection techniques. One

energy scmrce that appears to be suitable for _uch an application is the iaser.

By ,focusing the beam from _uch a de_4ce, power d,ensities of i013 watts/era 2,

delivered in less than a microsecond, can be-delivered Z4 with existing equip-

ment. The fact that the maximum output of these devices is current!y being

improved at such a rapid rate indicates that, even in 'the presence of losses,

simulation by a laser beam is a promising experimental technique.

' The calculations presented in Figure 12 start from the hypothesis that

the energy absorption takes place by means of a blast-wave mechanism.

particularly in the case of electromagnetic energy deposition, this assumption-

needs careful sc.rutiny. There would appear to be little doubt that this is the

• correct mechanism when the rate of energy input is sufficiently high. It is

known that the lrtechanism of energy absorption in gases changes, at some

pdint, from one of linear heat conduction tO the nonlinear shock-wave mechan-

ism. Exactly where such a transition will Qccur in the case of Solid media

is not at present known, although it is pt'esumably amenable to theoretical

ana!ysis. The conclus'ons reached above are based on the assumption that a

shock wave will be the correct mechanism whenever the incident power density

exceed.,_ 10! 1 watts/era z.

*The use of such a device was suggested by Mr_ A. Iiertzberg.
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LIST OF SYMBOLS
i

C Velocity appearing in the relation _£_ = c.4-S¢-i

Internal energy per unit mass

" E- Total energy

.; _ Dimensionless internal energy _[_s

-7" (_) Integral defined by Equation (60)

b] Exponent defining rate of shock propagation: ]_s _ "

Pressure
; ,;

p Total momentum

: F Strength level at which inviscid solution is terminated _

Shock Radius

I

r_ 8 Spherical coordinates

Entropy per unit mass

S Dimensionless parameter in the relation 5Zs= C+ 5(1-_

t Time aftei- impact

t_p Of Velocity components in the _. and _-directions, respectively

/_(?) Function appearing in Mie Gr_/neisen state equation

/-[p_ , _rune_sen factor

Specific-heat ratio in perfect-gas model

: Similaritycoordinate.

; ¢ Dimensionless velocity, b¢/_ , positive in the direction of

increasing

_j

J

m,
I

I
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_(p) Density function in-state equation which allows sim{lari,_y

solution

Dimensionless density, //po

-,. p Mass density

(F Shear Stress

,,r'/.

_) Dimensionless velocity, _-if_ ) positive in the direction of

increasing _9

( _s _ Evaluated at the shock
J

( >51 Evaluated before, after, the shock ..

( _¢ Denotes cohesive contribution

4 < _)4 Evaluated along the Hugoniot ".

> :/ /

l
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